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Abstract 

In A/" = 2 super Yang-Mills theory, the Matone's relation relates instanton cor- 
rections of the prepotential to instanton corrections of scalar field condensation 
< Tnp"^ >. This relation has been proved to hold for Omega deformed theories 
too, using localization method. In this paper, we first give a case study support- 
ing the relation, which does not rely on the localization technique. Especially, 
we show that the magnetic expansion also satisfies a relation of Matone's type. 
Then we discuss implication of the relation for the spectrum of periodic Toda 
chain, in the context of recently proposed Nekrasov-Shatashvili scheme. 
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1 Introduction 



The M = 2 super Yang-Mills theory can be analytically solved along the line of Seiberg- 
Witten theory of SU(2) gauge theory The low energy dynamics of Coulomb phase of 
gauge theory is encoded in the prepotential T{a), a holomorphic function of the complex 
quantity a. And |cio"3 is the vacuum expectation value(v.e.v) of the complex scalar field y?, 
u{a) =< Try9^ > is the proper parameter for the moduli space. The prepotential receives 
contributions from perturbative(tree and 1-loop) effects and nonperturbative effects, 

J^{a) = J^P''\a) +r'''\a). (1) 

They have the form of power expansion as 

^--(a) = -a^(ln(^) - h r^^a) = -ca^-^. (2) 

k=l 

where A is the scale of gauge theory. J-'(a) and u{a) satisfy the following remarkable relation, 

, , dJ^ja) 2u 
2F[a) - a— — = — . (3) 
oa m 

The most interesting, and nontrival, part of the prepotential is the noperturbative in- 
stanton part. Let us introduce instanton expansion parameter g = A^ and expand J-'(a) and 
u{a) in terms of A;-instanton contributions, 

oo 

-r^'' = (4) 

fc=l 

oo 

2u{a) = a^ + ^Gkq''. (5) 

k=l 

Therefore we have J^k = (^)cfca^~^'^, and the equation ([3]) leads to the Matone's relation |2j^ 

Qk = kTk- (6) 

Equation ([3]) and (j6]) are equivalent for Seiberg-Witten theory, however as we will see later, 
for VL deformed theory equation ([S]) is preserved while ([3]) is not. 

This relation was first found in [2] for SU(2) theory without matter by direct using 
Seiberg-Witten data. Generahzation to higher rank gauge groups were carried out in [3] . In 
the instanton calculation frame work this relation was proved in ^ up to two instantons, in 



^Our notations use a different normalization compared to [2]. We have absorbed a 47ri factor into Fk, 
and Qk is tfie expansion for 2u compared to that in 2 for u, therefore there is a 27ri difference compared to 
(14)of0. 
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[5] for muti-instanton contributions. It was also proved in [6] through the superconformal 
Ward identities of super Yang-Mills applied to A/" = 2 gauge theory with broken gauge 
symmetry. 

In fact, the prepotential depends on the scale A in the form J-'(a,A) = a^/(-^), the left 
hand side of equation ([3]) can be interpreted as the renormalization flow of the prepotential, 

2-^(«) - = (7) 

The renormalization flow therefore incorporates the instanton effects. This renormalization 
interpretation is not only limited to the pure gauge theory [7], it was also derived in [8] for 
SU(N) theory with massive fundamental matter, in for SU(N) theory with adjoint matter, 
and in [TD] for general gauge groups with matter. 

An even more interesting fact is that the Matone's relation is a result of integrability of 
Seiberg-Witten theory [HI [121 [131 E] • In a simpler form, the integrability of Seiberg- Witten 
theory can be understood as a precise correspondence between solutions of Coulomb branch of 
various M = 2 theories and certain classical integrable systems. For example, for the SU(N) 
pure Af = 2 gauge theory, the corresponding integrable system is the N-particle periodic 
Toda chain. On a deeper level, the M = 2 theory/integrable models can be embedded into 
the Whitham-Toda theory of integrable hierarchy [TTl [131 E]- The Whitham-Toda system 
consists of a spectral curve equipped with a meromorphic differential dS depending on the 
modulated moduli hk{Tn) and infinite number of "slow" time variables T„,n > 1 (compared 
to the "fast" time variables which govern the evolution of high frequency oscillations, after 
averaging these fast modes we get the Whitham dynamics of remaining slow modes [T5l[T6]). 
With these data we can construct period integrals of dS on the spectral curve, its r-function, 
and a whole family of flow equations for r-function with respect to slow times. The Seiberg- 
Witten data, including ([3]) and ([71), can be obtained by proper parameters truncation and 
redefinition. 

The integrable hierarchy has a gauge theory realization as "extended Seiberg-Witten 
theory" [T8l [T9l [23l 125] , by turning on higher Casimirs in the action, 

oo 

£ = £o + $^tmTr$'", (8) 

m>l 

with nilpotent couplings t.^, $ is the M = 2 vector superfield. Note that t2 is actually 
a shift of complex gauge coupling tq because the undeformed Lagrangian is Cq = roTr$^. 
The effective prepotential now depend on time variables tm, denoted as J^{a,t,A). There 
exists an explicit correspondence between the extended Seiberg-Witten theory and integrable 
hierarchy, if properly identify variables on two sides. The scalar Oj and is related to the 
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periods = dS and = §>Q,dS of Whitham-Toda, and the prepotential J-" is related 
to the logarithm of quasiclassical r-function of Whitham-Toda. 

The Seiberg-Witten theory/Toda chain data can be recovered by identifying Ti with A 
and setting T„ = 0,n > 2. The equation ([7]) comes from the fact that the prepotential 
J^{ai,Tn) is a homogeneous function of degree two, 



And equation (jS]) comes from the above equation and the following first order derivatives 
equation of prepotential, 



We have to use the fact iJ2,2 = H2 = U2 =< Tnp"^ >. The Whitham-Toda hierarchy also 
contains equations of higher order derivatives of prepotential with respect to slow times. 
Especially, explicit results of the second order derivatives have been worked out in |19j 
through studying the higher Casimirs deformed microscopic field theory, the equations are 
related to the theta functions on the spectral curve, and the contact terms are fixed. It is 
found that from the first and second order derivative equations we can uniquely determine 
the prepotential of A/" = 2 gauge theory in both weakly coupled region and strongly coupled 
region [m [17]. 

As the last piece of background introduction, we would like to mention that for theory 
with higher rank gauge groups, the third order derivatives of prepotential with respect to 
satisfy the generalized Witten-Dijkgraaf-Verlinde-Verlinde(WDVV) equations pD]. This is 
also related to the theory of Whitham hierarchies and topological field theories. 

The structure of rest part of the paper is as follows. In the second section we present 
the Matone's relation for gauge theory in the fl background with ei 7^ 0, £2 = 0, which does 
not rely on the localization method. We show that the magnetic expansion also satisfies 
the Matone's relation, if nonperturbative monopole corrections are properly identified. This 
observation is based on our previous work, and is the main reason for the present work. In 
the third section we briefly review a general proof of Matone's relation using localization 
technique. The last section is devoted to discussion on the spectrum of periodic Toda 
chain in the Nekrasov-Shatashvili scheme, Matone's relation indicates a relation between 
the quantized energy and the scattering data of Toda particles. 




(9) 



n 




(10) 



m 
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2 Matone's relation in presence of Q-deformation: a 
case study 



Integrating multi-instanton contribution turns out to be very hard, only first few multi- 
instanton results liave been worked out and tliey are in accord witli Seinerg-Witten result. 
A remarkable development in tlie last decade is tlie direct integration of instanton contri- 
butions using the locahzation technique [22| [23t EU |25]. The ADHM construction of SU(N) 
instanton solution gives the moduli space for general A;- instanton configurations Mk,N of 
4kN dimension, which is rotated by the global symmetry SU{N) x S0{4). The maximal 
abelian subgroup is U{1)^-^ X U{1)^, generated by = expidiag( Oi, 02, • ■ ■ , cln) constrained 
by J2i = O5 by T± = expz(|e±cr3). f/(l)^^^ is the maximal abehan subgroup of gauge 
group SU(N), is the components of the v.e.v of the scalar field in the Coulomb phase; 
is the rotation of spacetime along two orthogonal planes zi, Z2, e± = ei ± £2 are complex 
parameters. The idea is to use the U{1)^~^ x f/(l)^ action of the associated equivariant 
bundle S on Aik,N x to deform the gauge theory and construct multi-instanton action 
that is equivalent closed form under the group action. With this choice the group action 
has finite number of isolated fixed points in the moduli space, we can apply the localization 
formula to do integrals over Aik,N- This construction is equivalent to turning on a particular 
form of background supergravity field parametered by ei 2, called f2-background [2T | |22 | 123]. 

The equivalent localization reduces the integrals to summation on contribution from 
fixed points in the moduli space, results in the Nekrasov's instanton partition function |22j, 
a holomorphic function depending on Oj, ei, €2, A, and masses of hypermultiplets if presented, 

J^(a,ei,e2,A) 

Z = exp , (11) 

£162 

where is the leading singularity and J-'(a, ei, €2, A) is a regular function of ei^2- The 
Q deformed prepotential again can be divided into perturbative part and nonperturbative 
part, J^{a, €1,62) = J-'^'^''*(a, ei, €2) + J-'*"^*(a, ei, €2). The Seiberg-Witten theory is recoved 
in the limit ei_2 — ^ 0. Without causing confusion, we will use the same symbols as in the 
Seiberg-Witten theory to express quantities hke J^,a,u{a) of the fl deformed theory. We 
have to bear in mind that these quantities are all promoted to depend on the deformation 
parameters ei,2. 

The Q background is a delicate deformation of A/" = 2 gauge theories. It greatly sim- 
plifies the instanton integrals, meanwhile there are evidence that this deformation preserves 
properties of the Seiberg-Witten theory, including electric-magnetic duality and integrabil- 
ity. As it seems that the deformation is just right, we expect the Matone's relation should 
also be preserved, too. In fact, using localization technique, the Matone's relation has been 
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proved in the presence of Q background [26]. However, a careful identification of u{a) and 
the expectation of a scalar field is needed. We will explain this in the next section, before 
going to that, let us do a case study for a particular case which dose not rely on localization 
technique . 

Consider SU(N) pure super Yang-Mills theory in the fl background with ei 7^ 0, e2 = 0. 
According to [28], the gauge theory in this background is identical to the quantization of 
periodic Toda chain. In [29] it was proposed that the ei deformed partition function 
can be obtained from the Bohr-Sommerfeld integrals of corresponding quantum mechanical 
system. Along this line, in [30] we have obtained the partition function of the SU(2) theory 
through the WKB analysis of the cosine-potential quantum mechanics. Therefore, the result 
we present in this section does not rely on localization method and provides an independent 
evidence for the Matone's relatioijf]. 

The deformation parameter ei has mass dimension one, when viewed as a component of 
graviphoton field. The full prepotential J^{a,ei,A) = J^p^^'* _^ -pmst j^^^ dimension two, it 
can be written in the form J-' = f{^)g{^), with f{x) contains logarithms for perturbative 
effects and polynomials for instanton corrections, and g{x) contains only polynomials of even 
order. Therefore, eq. is modified to 

This can be easily checked using results of [30] . The renormalization flow equation Ad^J^ = 
^ is not satisfied anymore. Instead, we find 

ITT ' 

. (13) 

The anomaly term -^e\ comes from the 1-loop perturbative correction ^e^ln-^. Clearly, the 
structure of eq. (j3]) is destroyed by ei corrections. 

As the anomaly comes only from perturbative effects, we expect the instanton corrections 
relation eq. (|6]) is preserved. We show that the instanton expansion indeed satisfies the 
Matone's relation. Up to the first few instanton expansion and ei expansion, we have 

2 ^ 64 ^ 63 ^ 

,1 2 -4 I 21 2 -8 2 I 55 2 -12 3 I 

^+128^^" ^ +192^^" ^ +■■■ 

+ 1^4 -6 ^ ^,4^-10 2 11^^4 -14 3 ^ . . . (^4) 

32 ^ ^ 1024 ^ ^ 1536 ^ ^ ^ ' 



■^We notice in recent papers |3T1 132] the ei deformed Matone's relation is discussed. Paper [31] involves a 
semiclassical limit of Liouville CFT that leads to quantum integrable system of |15| , the Matone's relation 
is obtained from differential equations satisfied by the conformal blocks with degenerate operators, theories 
with matter hypermultiplets are discussed. Paper [32] discusses instanton coimting when £2 = in the spirit 
of^23j. general operators Tr0™ are also discussed in that formalism. 
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where g = A"* is the instanton expansion parameter. Tree and 1-loop contributions are not 
included. Writing J^™** as instanton expansion 

oo 

_jrinst^Y^jr^^k^ (15) 
k=l 

now Fk should be functions of a and ei. We get 

^ 2 8 ^ 32 ^ 

72 = -a-^ + —ela-^ + ^e\a-^^ + --- 
64 128 ^ 1024 ^ 

^ 64 192 ^ 1536 ^ ^ ' 

On the other hand, we also have the expectation value u =< Tup^ > in the Seiberg- 
Witten theory now promoted to 

2u = a2 + ia-2g+^a-V + ^«"'V + --- 

,2-4 I 2 -8 2 I 2 -12 3 , 

+^^^''"°' + i5^^''"V + ^.?a-V + -. (17) 



Define Qk through 



Then we have 



2u{a) = a^ + J2 Qkq' 



k=l 



2 8 ^ 32 ^ 

J-fc and Qk satisfy the Matone's relation 

Qk = k7k. (20) 
The sum of instanton correction is just the density of instanton gas 



P 



J^e^fcg'^-exp-— . (21) 
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In the weak coupling theory, (7 << 1, the dilute gas approximation applies. However, if the 
coupling is strong, we have to work in the dual magnetic theory. 
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In [30] we have also obtained the dual magnetic and dynoic expansions of the prepotential 
J^d/t{(^d/t,^i, -^)- The magnetic and dynoic expansions are actually mirror to each other, 
therefore, we only discuss magnetic case. The magnetic prepotential also have a structure 
that can be explained as perturbative part and nonperturbative part. The nonperturba- 
tive degrees of freedom is the massive hypermultiplets of the dual magnetic theory, or the 
monopoles of the original electric theory. 

In fact, the Seiberg-Witten part of magnetic(dyonic) expansion also satisfy equations 
similar to (|3]). Including the perturbative part, they are|30] 



J^DiaD) = —\—\n(- — )+AaD--an + —aj. + —a% + ^^a% + ---], (22) 
DK D) ^ \ ^1^ D 4 16 512 4096 ^ ^' ^ ' 

a = -2az5 + i4 + ^4 + ^4 + --- • (23) 



They satisfy a dual form of equation (j3]), namely 

dan ^TT 



2-F,-a,|^ = -^, (24) 



For the dyonic case, it is 

2rr - arp^ = (25) 

with w = u + A"^. The left hand side of equations (12^ and fl25l) can be written as renormal- 
ization equations, too. 

Due to the ei corrections, equations and fl2^ are not satisfied by the dual deformed 
prepotential J^£)(aD, ei. A). However, if we properly identify noperturbative corrections, the 
Matone's relation still holds. The nonperturbative part we identify is 

-r-monop 1-3 , ^ ^.4 2 , -'--'--53 , 

6-1, 3^ X7^9o 205^00 ^ 

+ ^(-^«^^^ - ^""dQd - ^TT^^^to + ■ ■ ■ ) 

+ §i(^^Dqh + f^4?D + ■■■)• (26) 

We have introduced the monopole expansion parameter qo = j^- Again, perturbative con- 
tributions are not included. Define the monopole expansion as 

oo 

^™p^^^z)^.^ (27) 



then we have 



fc=i 



T~D 3 ^ 2 

1 " 16^^ ~ ^^1*^^' 



-pD _ 5 ^4 17 

11 205 o., 135 
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Note that these polynomials have finite terms, because of the "gap" structure of the dual 
expansion of prepotential. 

The proper local moduh coordinate near u — A"^ is a — u — A'^, we have 

(7 = -'2aDqD^ + 2^l + ^a%qD + -^a%ql + -^a^jjq^o + --- 

2 405. o 2943^2 4 69001., , 
+ 2T7 (9^0 + -j^aoql + -q^^^dQd + -J^^^dQ'd + ■■■)■ (29) 

Define through 

00 

2a^<2a>o+J2S^^'h, (30) 

k=l 

where < 2a >o represents terms that cannot be interpreted as monopole corrections. For 
example, the first monopole correction should starts from terms of order qD. Also, the first 
term in ef expansion seems not a monopole contribution, actually all the first terms in higher 
ei expansions should be excluded. The vahdity of the dual Matone's relation presented in the 
following indicates validity of this chioce. We do not face this problem for electric expansions 
since it is straightforward to recognize all instanton terms. We have 

^1 = J^'^D-^^iao, 



5 .4 17 2^2 



33 .5 205 2.3 405 



256"^ 211'^"^' 
33 205 2 3 

and have finite terms, they also satisfy the Matone's relation 

Qk = k^k- (32) 

The sum of monopole corrections is 

Pd = Y.QUd-^^V-—. (33) 
fc=i 

when the dual coupling is small, this can be interpreted as density of dilute monopole 
gas. 

The existence of Matone's relation in the magnetic theory can be viewed as the con- 
sequence of compatibility of integrability and duality. In fact, the associated integrable 
hierarchies are closely related to modular forms on the spectral curve, as the r function of 
algebraic integrable system is essentially the Riemann theta function. Explicit results of 
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the genus zero and genus one gravitational contributions to the prepotential ^-"(0, ei, €2, A) 
presented in [25] indicate their dependence on modular forms. 

A bonus of the Matone's relation is application to the theory of the Mathieu differential 
equation. We have analysed the relation between SU(2) Seiberg-Witten gauge theory and 
the Mathieu equation in [30]. The eigenvalue formulae (24) and (31) in the second paper of 
[30] are precisely the instanton expansions, in the terminology of gauge theory, if we notice 
the correspondence Aj, = 8e|f ^m, z/ = 2e]'^a, g = Ae^'^Is? in that paper (Attention: these are 
the symbols we have used in our previous paper [30]. The expansion parameter q is not the 
same g = A^ in this paper, this notation switch applies only when we refer to the Mathieu 
equation). In fact, every coefficient of q^^ of the Mathieu eigenvalue expansion Ajy in paper 
[30] is precisely AQ^ of Tup"^ of gauge theory. Indeed, it is easy to check that the coefficients 
J-'fe obtained by instanton counting, after setting €2 = and multiplying 4/c, exactly coincide 
with formulae (24) and (31). For example, the first paper of [27J gives explicit results of J^k 
up to 4-instantons convenient for our comparison, the first 3-instanton corrections are 



2 4 20a2 + 7e2 16(1440^ + 29e^ + 232a2e?) 

4a2 - el ^(4a2-e2)3(4a2-4e2) "^3(4a2 - e\f{Aa^ - 4e2)(4a2 - 9e\y 



I £2=0 

(34) 

While the first 3-terms g^-expansion of the Mathieu eigenvalue A^, are 

" 2(z/2 - 1)^ ^ 32(z/2 - l)3(i/2 - 4)^ 64(z/2 - 1)5(^.2 _ 4)(^,2 _ 9)^ + ■ ■ ■ • ^ > 

Precisely we have 4A;J^A:|e2=o = \ as expected. Therefore, along the line of [22j by counting 
all possible partitions k = ki + k2 with the corresponding 2- Young diagrams {Yi, Y2}, we can 
evaluate J-^, thus get Qk via the Matone's relation, which essentially is the coefficient of q'^^ 
of the Mathieu eigenvalue expansion for ^ << 1. 

However, the story of the magnetic theory is less well understood, compare to the electric 
theory, although the dual relation is observed. Notice that the formula (34) in the second 
paper of [30j is 

^ 4z/2 - 1 4z/3 - 3u 80u^ - 136Z/2 + 9 528u^ - 1640u^ + 405z/ , , 
V = 2,-4.V5+ — + + (36) 

k 

Terms of order ga are precisely monopole corrections, but few leading terms are not. Setting 
u = Owe get the ground state energy < a >o, this includes terms such as 9/(2^^^)^ which have 
the form of monopole corrections but are incompatible with the dual prepotential expansion 
and dual Matone's relation, thus excluded from Qj^. As we do not have an explicit algorithm 
to counting monopole correction J-"^, thus there is no Young-diagram-counting method to 
evaluate the Mathieu eigenvalue expansion for ^ >> 1. 
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3 Matone's relation from localization 



In [26] it was proved that the Matone's relation should hold for general ei,e2, based on 
localization technique. We briefly review the results here for completeness. We need to know 
instanton corrections to J-'(a) and u{a) of the Q deformed theory. The prepotential can be 
extracted from the Nekrasov's partition function. The integral of fc-instanton contribution 
localized to the fixed points of the U{1)'^~^ x U{1)'^ action. These fixed points are in one to 
one correspondence with the partitions of integers ka satisfying k = ki + k2 + ■ ■ ■ + k^. 
Each ka is accompanied with a Young diagram Ya with ka boxes, i.e. \Ya\ = ka, therefor for 
each partition we have a group of N- Young diagrams {Ya, a = 1,2, ■ ■ ■ N}. For each box s 
in the ia-th row and ja-th column of Ya, define the following counting data: 

h/sis) = Up^i^ - Ja, Vi3{s) = Ufsj^ - ia- (37) 

where I'p^i^ is the number of boxes in the i^-th row of Yp, and vpj^ is the number of boxes 
in the ja-th column of Yp. Indexes a and /3 are not necessary the same, therefore when they 
are different the box s{ia,ia) may be located outside the Young diagram Yp. The quantity 
hp{s) is the horizontal distance from the position of the box s till the right end of the Ya 
diagram, and Va{s) is the vertical distance from the position of the box s till the upper end 
of the Yg diagram. 

Then the result of fc-instanton contribution can be written in the form [27] 

^ 1 

E n n n p^) 

the sum is running over all possible partitions, and 

Eapis) = ttap - hp{s)ei + {va{s) + l)e2, (39) 
where aap = aa — ap- The full instanton partition function is 

oo 
k=l 

For u{a), we have to properly deform < Tup^ > in the Seiberg-Witten theory to suit 
the Q background. In order to use localization, we have to construct an integral < Tiip^ > 
that is equivalent closed form under the equivalent differential. Moreover, the integral must 
recover the corresponding integral of the Seiberg-Witten < Tr^?^ > when taking the limit 
ei,2 0. It turns out that the proper deformed scalar field is 

'f = <fbos + y^ferm, (41) 
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with 

a A X X . d 



(p,os = U{z)i ^ ^ r^_^^ J t^(^) - U{zYziei—U{z), (42) 

where comes from the self-dual gauge field = U{x)dfjU{x). cj) comes from = 

expi0 G U{k) which is the redundant symmetry of the ADHM constraints, the value of its 
diagonal components (ps at a fixed point are determined by the /c-boxes of the corresponding 
Young diagrams {Ya}, 

(l^iicjc) = aa + Ua - l)ei + (ia - l)e2- (43) 

(Pferm is the solutiou of the scalar field when no v.e.v. and e deformation presented, con- 
structed from ADHM data, involving a fermion bilinear therefore the subscript. 

Actually, using the localization technique a general formula for chiral ring operators 
< Trt^™ > can be obtained, it is [HI [251 [26] 

<Tr^'">=iE E _q\ (44) 

fc=i {Y^^j2\yc\=k} na,/3=i n.ey. n.'ey^ Ea0is){e+ - Ep^{s )) 

with 

N 

-K + Ua - l)ei + ^ae2r + K + Ua - l)ei + {^a - 1)62)"]}. (45) 
can be read from the Chern character of the equivariant bundle £ over a fixed point, 

N 

Ch^{£) = ^[e"" - (1 - e'''){l - e''^) ^ eiK+0.-i)^i+(i.-i)^2]]_ (45) 

For the case of m = 2, the operator 02{{Ya}) greatly simplifies and does not depend on 
the shape of Young diagram, 

N 



02{{Ya}) = J2{al-2Ke^e2] 



a=l 

al + al + ■ ■ ■ a% - 2keie2. (47) 
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Therefore we have 



< Tr(^^ > 




-2^162)?^ 
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00 



al + al + --- + a% + Y^ 2kFkq^ . 



(48) 



k=l 



We have used eie2lnZ™'^* = J^*"''* = — Yl,k^k<l^- Considering M(a,ei,e2,A) =< liCfP' > can 
also be expanded as u{a) = a'l + 0^ + ■ ■ ■ + aj^ + YlT=i by definition, then the Matone's 

relation = immediately follows. 

4 Implication for energy spectrum of Toda chain 

According to Nekrasov-Shatashvili scheme [28], a large class of four dimensional M = 2 
super Yang-Mills theories deformed by VL background with ei 7^ 0, €2 = are identical to 
quantization of the corresponding classical integrable systems p!Tl [T2] . The deformation 
parameter ei plays the role of the Plank constant. 

The integrable model/A/" = 2 theory correspondence establishes a relation between the 
periodic Toda chain and M = 2 pure super Yang-Mills. The periodic Toda chain of length 
L is defined as, in a dimensionless form. 



with periodic boundary condition xjv+i = Xi. Its stationary region is at Xi = X2 = ■ ■ ■ = x^- 
The open Toda chain can be obtained by cutting the closed chain, i.e., eliminating the 
interaction term exp(a;7v — Xi), its asymptotic region is at Xi — Xj+i — )■ —00. 

Gutzwiller studied the quantization condition for periodic Toda chain in [33] , based on the 
work of Kac and van Moerbeke on classical chain [34j • Kac and van Moerbeke constructed a 
new set of conjugate coordinates variables for N-particle periodic chain form the asymptotic 
momenta of N-1 particle open chain obtained by cutting the closed chain. This is a nonlinear 
canonical transformation, the resulting mechanical system gives the same conserved quanti- 
ties as the original one, but have simple evolution behavior: its equation of motion is separa- 
ble and breaks up into N-1 equations depending on only one variable. Gutzwiller's method 




(49) 



i=l 



i=l 
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is the quantum analogy of the classical transformation. The wave function of quantum 
N-particle periodic chain "^^i^xi, X2, ■ ■ ■ xn) is constructed as linear combination of asymp- 
totic wave function of N-1 particle open Toda chain '?/'7v_i(xi, 0:2, ■ ■ -xn-i', {ki})- The wave 
numbers ki are zeros of the Hill-type determinant. In the case of = 2, this construc- 
tion coincides with theory of modified Mathieu differential equation. The vanishing of the 
wave function for large separation exp(xj — x^+i) >> 1 requires ki satisfy the Gutzwiller's 
quantization conditions. Essentially Gutzwiller's solution of periodic Toda chain spectrum 
is in the realm of Sklyanin's separation of variables |35]. However, the resulting quantization 
conditions involve both zeros of Hill's determinant and zeros of the characteristic polynomial 
of Lax matrix, it is not easy to handle in practice. 

The Nekrasov-Shatashvili scheme provides a novel way to quantize these integrable sys- 
tems. The main point is that the prepotnetial of the gauge theory is identified with the 
Yang- Yang function [36] of the integrable system, is identified with the momentum of the 
2-th (quasi)particle, and the instanton corrections are identified with finite size corrections 
A^^ ~ e~^. The quantization condition is given by the Bethe equation, 

dJ'{a, ei. A) 



dai 



Hi, Hi E Z. (50) 



As demonstrated in [37j , the Bethe equation (!50|) is consistent with Gutzwiller's quantization 
of periodic Toda chain. The eigenvalues of quantum Hamiltonians can be obtained from the 
expectation values of chiral ring operators Tr*^™. Deform the gauge theory action as 

A,i = A + 5^t„Tr<^'", (51) 

m>l 

where is the Q deformed action. The deformed action is still an equivalent closed form 
and the localization can be applied, result in a prepotential ^-"(0, ei, €2, t, A)|e2-s>o- Then we 
have 

— p, \t=Q- l^^j 



Therefore, using the explicit formulae presented in p ^ [25 | l26]. the quantum Hamiltonian 
of periodic Toda chain can be evaluated, at least in the electric frame. Especially, £2 is the 
energy of the Toda chain. The Matone's relation discussed in the last two sections tells us 
that £2 can be directly read from the Yang- Yang function, 

CXD 

£2 = al + al + ■ ■ ■ + a]^ + 2kFkq\2=o- (53) 

k=l 

This is in accordance with (6.13) of [28j. The momenta have to obey the condition 
ai -|- a2 + ■ ■ ■ + ctAT = and the Bethe quantization condition (l50l) . 
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In the discussion above, at are the momenta of the quasi particles. In interacting multi 
particle systems quasiparticles are the proper degrees of freedom(d.o.f) to describe the dy- 
namics of excitations. For example, the effective excitation d.o.f of spin system are magnons, 
and the effective excitation d.o.f of crystal lattice are phonons. When Oj satisfy the large 
momenta condition >> A, — aj » A, the gauge theory is weakly coupled. It turns 
out that the properties of the excitations of periodic Toda chain change when the momenta 
become small. This is related to the electric-magnetic duality of the corresponding gauge 
theory. 

From the point of gauge theory this is quite reasonable, as the electric- magnetic duality 
is main tool to understand dynamics of gauge theories |38]. The spirit is that at different 
part in the moduli space, there exists different d.o.f that are convenient for the formulation 
of the theory. In the weakly coupled region, the proper d.o.f are the weakly coupled electric 
fields; in the strongly coupled region, the proper d.o.f are the dual magnetic fields. In 
the gauge theory/integrable system correspondence, the moduli space of gauge theory is 
isomorphic to the space of Hamiltonians of (complexified) integrable system. Therefore, 
translate the logic of gauge theory duality to the corresponding integrable system, it indicates 
the quasiparticle d.o.f may change when we move from one region to another region in the 
space of Hamiltonians {£„%}■ For the case of Toda chain, if the momenta, therefor the 
Hamiltonians, are all large, the proper d.o.f are the quasi particles with momenta a^. The 
leading order dispersion relation is nonrelativistic, £2^0?. These short wave length particles 
feel finite size corrections scale as 5£2 ~ (■^)^^^- However, at certain point corresponding to 
the strongly coupled gauge theory, the proper d.o.f should be some other kind quasiparticles 
with small momenta denoted as ao-, satisfying qd « A. For example, at the point of the 
maximal strong coupling singularities where the maximal number of mutually local particles 
become massless, the excitations of Toda chain are all magnetic quasiparticles with momenta 
aoi- This happens when the maximal number of distinct pairs of branch points of the Seiberg- 
Witten curve (spectral curve) collide, i.e. the curve y'^ = P^{x) — A^^ = ni=i(^ ~ ^iiut)) 
has only double zeros. Each colliding pair of branch points corresponds to a shrinking 
homology cycle, as the intersection number of these shrinking homology cycles are zero, the 
corresponding massless particles are mutually local. We have(u = U2) [39] 

N-l ^ N-1 ^3 

■t=l i=l 

Other higher Casimirs Um =< Try9™ > also have linear leading order dispersion relations(see 
(19) of [IZj). Therefor, for quasiparticles of this kind the leading order dispersion relation is 
relativistic, 82 ~ cid- These long wave length quasiparticles feel finite size corrections scale 
as 6S2 ~ (^)^ 
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In order to have a full understanding about the quantum spectrum of small momenta 
excitations, we have to work out the modular form of the Q deformed extended prepotential 
J- {a, ei, A) for general gauge groups, this is still a challenging problem. 
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